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Abstract 
Bremser, P.S., Congruence classes of matrices in GL,( F,), Discrete Mathematics 118 (I 993) 243-249. 
Given two matrices A and B in GL,( F,), where q is a power of a prime and Fq is the finite field with 
q elements, we say that A and B are congruent if there is a matrix C in GL2( F,) such that A = CTBC. 
We show that there are q + 3 congruence classes in GL,(F,) for odd q and q + 1 classes for even q, 
and exhibit representatives for them. 
It is known from the theory of quadratic forms that there are two congruence 
classes of symmetric matrices in GL,(F,) [S, pp. 677681, where F4 is the finite field with 
q elements. In this note, motivated by an earlier paper [l] in which congruence 
between general nonsingular matrices plays a part, we determine the number of 
congruence classes in all of GL,(F,), and find a representative for each class. 
1. Congruence classes in fields of odd characteristic 
Throughout this section, we assume that q is odd. The first result is simply stated. 
Theorem 1. For odd q, there are q + 3 congruence class of matrices in GL2( F,). 
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Throughout, 1 S 1 denotes the cardinality of the set S. Our proof begins with a lemma 
from Polya’s theory of counting. 
Lemma 1. Suppose the elements of ajinite group G act on a$nite set S. Then the number 
of transitive sets equals l/lGl ‘&c $(g), where $(g) is the number of elements of S that 
are invariant under the permutation induced by g. 
Proof. [3, p. 1501. 0 
In our setting, GL,(F,) plays the role of S and that of G; for each X in G, we define 
the action of X on S by A--+)I=AX. The transitive sets are just the congruence classes 
we hope to count. Note that in this case, the sum in the lemma counts the number of 
pairs (A, X) of nonsingular (ns.) matrices with the property that XTAX = A. So for 
any 2 x 2 matrix over F4, let GA = { XEGL,( F,)IXTAX = A}, the isotropy group of A. 
We can then rephrase the lemma as follows 
Lemma 2. Let N denote the number of congruence classes of matrices in GL2( F,). Then 
Carlitz has determined 1 GBl for symmetric matrices B. Here x denotes the quadratic 
character of F4; i.e. x(a) is 1 when a is a nonzero square, - 1 when a is nonsquare, and 
0 when a is 0. 
Lemma 3. (i) If BEGL,(F,) is symmetric, then I G,I=2(q-x(--et B)). 
(ii) Zf B is a symmetric 2 x 2 matrix of rank 1 over F4, then 1 G,l=2q(q- 1). 
Proof. [2, pp. 127-1281. 0 
Of course if B is the zero matrix, then GB is all of GL,(F,). 
The next three lemmas allow us to use Lemma 3 for the general result. 
Lemma 4. Let A be a nonsingular matrix, and let A’ = 3 (A + AT). Then GA is a subgroup 
of GA,. 
Proof. Suppose XEG~. Then XT ATX = AT, and the result follows. 0 
If A is nonsingular and XEG,, then certainly det X =+ 1. If A is not symmetric, then 
by comparing the (2, 1) and (1,2) entries in XTAX we can see that for X in GA,, X is 
also in GA if and only if det X= 1. (To see this, let A have entries (a, b, c, d) and XTAX 
have entries (p, q, r, s). Then q-r=(b-c)det X. Also, since XEG~,, we get a=p, d=s, 
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and b + c = Y + q. So q = b and r = c if and only if det X = 1). Finally, if B is symmetric 
and nonsingular, then it is always possible to come up with a matrix C of determinant 
- 1 in Gs; so for each matrix X of determinant 1 in Gs, we have CX of determinant 
- 1. If B is symmetric and singular, it is possible to find a matrix C if any nonzero 
determinant in Gs. Thus we have the following. 
Lemma 5. that A not symmetric. the index GA in is 2 A’ is 
and q- if A’ singular. 
Lemma For any matrix B, ng denote number of 
matrices A that B= Then 
I 
q-2 if X(--et B)= 1, 
nB= 4 if X(det B)=- 1, 
q-l if detB=O. 
Proof. If B has entries (a, b, b, d) and A’ = B, then A has entries (a, c, 2b -c, d ), so 
det A = ad - 2bc + c2. We must eliminate choices of c that make det A = 0; the number 
of such choices depends on whether 4b2 - 4ad = 4(- det B) is square, not square, or 
zero in the field. 0 
Proof of the Theorem. jGLZ(Fq)I =q(q- 1) (q2 - 1) [2, p. 1253, so we may rewrite our 
sum from Lemma 2. 
We must split up the first sum using X(-det B). Now 
Bzm A-detB)=I{B sym,X(-detB)=l}l-l{Bsym,X(-detB)=-l}l, 
so we evaluate 
c X(b2_ad)= c -’ tf adZo C4, P. 2301 
(a.b.4 (a,d) q- 1 if ad=0 
=42-q. 
Now the total number of symmetric matrices is q3; The number with determinant zero 
is the number of solutions to b2 = ad, which is &o,dj (1 + X(ad)) = q2 [4, p. 1881. Hence 
there are q3 -q2 nonsingular symmetric matrices, : q(q2 - 1) with X(--et B)= 1 and 
3 q(q- 1)2 with x(-det B)=- 1. 
246 P.S. Brenwer 
We split the special case where B equals the zero matrix off from the second sum to 
get 
1 
N= 
4(4--)(qZ--) 
+q(q-U2 
------[2(q+l)] 
2 
which reduces to N = q + 3. 0 
Next we produce a set of representatives for the congruence classes. This, of course, 
has already been done for the two classes of symmetric matrices; their representatives 
are 
(i Y) and (I: ) 
where g is a generator of the multiplicative group of F, [S, p. 671. If D is skew- 
symmetric, say 
D= 
then 
D=(i ;)(:I :)(i :). 
Furthermore (as is easy to check), any matrix congruent to D is also skew-symmetric. 
For the remaining matrices we begin with a Jacobian form as determined in [6, p. 943. 
(A skew-symmetric matrix cannot be put in the Jacobian form, though Turnbull and 
Aitkin did not note this.) That is, suppose 
a b 
( 1 c d 
is nonsingular, and neither symmetric for skew-symmetric. If a =0 and d =O, then for 
J=(: Y), 
JTAJ = 
If a=0 and d#O, let K=(‘: h); then 
KTAK= 
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Hence we may assume that a # 0. Now let X = (i -i’“); then 
So any matrix A which is not antisymmetric is congruent to a lower triangular matrix. 
To classify the lower triangular matrices, we consider first those of the form 
T=(f ,“), cd #O. There are (q - 1)’ matrices of this form; however, for X =(h z), m #O, 
XTTX= 
So there are at most q- 1 congruence classes of these matrices. 
We claim that matrices of the form 
A=(*tLi 9,)’ 
where x(a) =- 1 and m #O, are precisely the lower triangular matrices in our last 
congruence class. For such a matrix, if X =(: ‘,), then the (1,1) entry of XTAX is 
~(x+mz)~, which is always nonsquare. 
If 
p= p 
0 ( 1 2np I? ’ 
where x(p)=-1, then p=x2a for some x, and P=XT,4X where 
x= x 0 ( 1 0 nx/m ’ 
so all such matrices are congruent to one another. Finally, we will show that any 
lower triangular matrix which is not congruent to a matrix (,’ ,“) has the same form 
as A. So let D=(:j). If x(a)=l, say x2=., then choose X=(‘t’j’); XTDX=(i i). 
If x(u)=-1 but X(d)=l, use X=(r$, -t/d) h w ere d=n2 to get a 1 in the (1,1) 
place. If x(a)=~(d)=- 1, we have 
Suppose that for every X =(: z), the (1,1) entry of XTDX is nonsquare. This entry 
is a(x+mz)2 + kxz, so we have assumed that for all x, z not both zero, 
~(a(x+mz)‘+kxz)=-1. Thus 
Now the left-side can be written 
ci 
-1 if (2amz+kz)2-4u2m2z2#0 
c4, P. 2301, 
z -(q-l) if (2amz+kz)2-4a2m2z2=0 
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so we must have, for all z, kz’(4am + k) = 0, i.e. k = 0 or k = - 4am. Hence any lower 
triangular matrix which is not congruent to a lower triangular matrix with (1, 1) entry 
1 has the form 
where x(a)=- 1 and m#O. 
Thus there are at most 4 classes of nonsymmetric matrices which can be put into 
lower triangular form. Since, by Theorem 1, we know that there are exactly q+ 3 
classes all together, we have the following. 
Theorem 2. Let m run through a set of representatives of F,*/{+ l}, where q is odd (and 
F,* denotes the multiplicative group of F,). Then every matrix in GL2( F,) is congruent to 
one of 
where g is a generator of F,*, and these q + 3 matrices are pairwise incongruent. 
2. Congruence classes in finite fields of even order 
In a field of characteristic two, a skew-symmetric matrix is also symmetric; for the 
symmetric case, see [S, p. 681. In addition, every element is a square, so a nonsingular, 
lower triangular matrix is always congruent to such a matrix with ones along the 
diagonal: 
for 
A= 
use 
Finally, it is quick work to show that if (,!, y) is congruent to (,’ y), then n=m. We 
have the following. 
Theorem 3. Let m run through a set of representatives of Fz, where q is even. Then every 
matrix in GL2(Fq) is congruent to one of 
and these q+ 1 classes are distinct. 
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